Abstract A mapping from a semigroup S to the unit interval [0, 1] is called a fuzzy set of S. It is known that the set F(S) of all fuzzy sets of a semigroup S is a semigroup under the operation • defined by
Introduction
The concept of a fuzzy set was published in [13] . Since then many papers on fuzzy sets have been published showing the importance of the concept in different areas of mathematics. The concept of a fuzzy set was also applied to the elementary theory of groupoids and groups (see [11] ) and of semigroups (see, for example, the papers [2] - [6] and the book [7] ).
Let S be a semigroup (written multiplicatively). A mapping from S to the unit interval [0, 1] is called a fuzzy set of S. Let F (S) denote the set of all fuzzy sets of S. For arbitrary f, g ∈ F (S), let (f • g)(s) = ∨ s=xy (f (x) ∧ g(y)), if s ∈ S 2 0, otherwise.
Using the fact that the unit interval [0, 1], ordered in the natural way, is a completely distributive lattice (see [10] or [12] ), the operation • is associative on the set F (S), and so (F (S); •) is a semigroup (see, for example, [6, Proposition 1.2] or [7, Section 2.3] ).
For every element a of a semigroup S, we define an operation ⋆ on the set F * (D a ) of all fuzzy sets of the set D a of all divisors of a in S, and show that this operation is associative. The main result of this paper is that, for every semigroup S, the semigroup (F (S); •) is a subdirect product of the semigroups (F * (D a ); ⋆), a ∈ S. For every element a of a semigroup S, we define a congruence ∆ a on the semigroup (F (S); •), and prove that the factor semigroup (F (S); •)/∆ a is isomorphic to the semigroup (F * (D a ); ⋆). We show that, for every semigroup S, there is an isomorphism Φ of S into the semigroup (F (S); •). Identifying S and Φ(S), we prove that the restriction of the congruence ∆ a to the subsemigroup S = Φ(S) equals the Rees congruence ̺ Na on S, where
For semigroup theoretical notations and notions not defined here, we refer to the books [1] and [8] .
A subdirect decomposition of (F(S); •)
Let a be an arbitrary element of a semigroup S. Let D a denote the set of all divisor of a, that is,
Let F * (D a ) denote the set of all fuzzy sets of D a . We define an operation ⋆ on F * (D a ). If f * and g * are arbitrary elements of F * (D a ), then let f * ⋆ g * be the following fuzzy set of D a : for an element s ∈ D a , let
As the assumption xy ∈ D a implies x, y ∈ D a for every x, y ∈ S, the operation ⋆ is well defined.
Theorem 1 For every element a of a semigroup S, the operation ⋆ is associative on F * (D a ), and so (F * (D a ); ⋆) is a semigroup.
In our investigation the following fact will be used several times: for every a, x, y ∈ S, the assumption xy ∈ D a implies x, y ∈ D a . Let s ∈ D a be an arbitrary element. Then
we have
0, otherwise, using also that [0, 1] is a completely distributive complete lattice, and so
is satisfied for every elements a i (i ∈ I) and b of [0, 1]. On the other hand,
is satisfied for every elements a i (i ∈ I) and b of [0, 1]. Thus the operation ⋆ is associative on
For an arbitrary element a of a semigroup S, define the following relation on the set F (S) of all fuzzy sets of S:
Theorem 2 For every element a of an arbitrary semigroup S, the relation ∆ a is a congruence on the semigroups (F (S); •). ⊓ Proof. Let a be an arbitrary element of a semigroup S. It is clear that ∆ a is an equivalence relation on the set F (S).
To show that ∆ a is a congruence on the semigroup (F (S); •), assume
Consider the case when x ∈ S 2 . If x = ξη for some ξ, η ∈ S, then
from which we get ξ, η ∈ D a . Thus
and so (
Consequently ∆ a is a congruence on the semigroups (F (S); •). ⊓ . It is clear that Ψ is also surjective. We show that Ψ is a homomorphism. Let
Thus Ψ is a homomorphism. Consequently Ψ is an isomorphism. ⊓
We say that a semigroup S is a subdirect product of semigroups S i (i ∈ I) if S is isomorphic to a subsemigroup T of the direct product of S i (i ∈ I) such that π i (T ) = S i is satisfied for every i ∈ I, where π i denotes the projection homomorphism of the direct product of S i , (i ∈ I) onto S i . By [9, I.3.6], if α i (i ∈ I) are congruences on a semigroup S such that ∩ i∈I α i = ι S , the identity relation on S, then S is a subdirect product of the factor semigroups S/α i (i ∈ I).
Theorem 4
For an arbitrary semigroup S, the semigroup (F (S); •) is a subdirect product of the semigroups (F * (D a ); ⋆); a ∈ S.
Proof. By Theorem 2, ∆ a is a congruence for every a ∈ S. Assume (f, g) ∈ ∩ a∈S ∆ a for f, g ∈ F (S). Then (f, g) ∈ ∆ a for every a ∈ S. Since a ∈ D a , then we have f (a) = g(a) for every a ∈ S. Thus f = g. Hence
and so the fuzzy semigroup (F (S); •) is a subdirect product of the factor semigroups (F (S); •)/∆ a ; a ∈ S. By Theorem 3, the semigroups (F (S); •)/∆ a and (F * (D a ); ⋆) are isomorphic for every a ∈ S. Thus the semigroup (F (S); •) is a subdirect product of the semigroups (F * (D a ); ⋆); a ∈ S. ⊓ 3 On a restriction of ∆ a Let S be an arbitrary semigroup and A be a non empty subset of S. Then
is a fuzzy set of S; this is the characteristic function of the subset A.
If s is an arbitrary element of S, then let s denote the one-element subset of S containing the element s.
Theorem 5
For an arbitrary semigroup S, the mapping Φ : s → C s is an embeddings of S into the semigroup (F (S); •).
Proof. Let S be a semigroup. It is clear that Φ is injective. We show that Φ is a homomorphism, that is, C st = C s • C t is satisfied for every s, t ∈ S. Let s, t, x ∈ S be arbitrary elements.
First consider the case when x = st. Then
, then, for every ξ, η ∈ S, the assumption x = ξη implies ξ = s or η = t, and so
From this it follows that
Next, consider the case when x = st. Then C st (x) = 1. Moreover
is satisfied for every x ∈ S. Then
and so Φ is a homomorphism. Consequently Φ is an embedding of the semigroup S into the semigroup (F (S); •). ⊓
By the previous theorem, we can identify a semigroup S and the subsemigroup Φ(S) of the semigroup (F (S); •). In the next part of the paper, we will do this where necessary.
For an arbitrary element a of a semigroup S, let ∆ a |S denote the restriction of the congruence ∆ a to the subsemigroup S of the semigroup (F (S); •). In the next theorem we describe ∆ a |S for arbitrary a ∈ S. In our investigation a special type of congruences on the semigroup S plays an important role.
Recall that a non-empty subset A of a semigroup S is called an ideal of S if, for every a ∈ A and s ∈ S, the products sa and as belong to A. Let A be a subset of a semigroup S such that A = ∅ or A is an ideal of S. Then ̺ A = {(x, y) ∈ S × S : x = y or x, y ∈ A} is a congruence on S which is called the Rees congruence defined by A (see [1] ). We note that if A = ∅ then ̺ A is the identity relation on S.
Theorem 6 For every element a of a semigroup S, the set N a = S \ D a is either empty or an ideal of S such that, for the Rees congruence ̺ Na on S, we have ∆ a |S = ̺ Na .
Proof. Let S be a semigroup and a an arbitrary element of S. Assume N a = ∅. Let x be an arbitrary element of N a . Assume that sx / ∈ N a for some s ∈ S. Then sx is a divisor of a, and so a ∈ S 1 sxS 1 ⊆ S 1 xS 1 which contradict the assumption that x ∈ N a . Thus sx ∈ N a for every s ∈ S. Similarly, xs ∈ N a for every s ∈ S. Consequently N a is an ideal of S. Consider the Rees congruence ̺ Na . We show that ∆ a |S = ̺ Na .
To show that ∆ a |S ⊆ ̺ Na , assume (s, t) ∈ ∆ a , that is, (C s , C t ) ∈ ∆ a for elements s, t ∈ S with s = t. Suppose s ∈ D a . Then 1 = C s (s) = C t (s) = 0 which is impossible. Similarly, t ∈ D a implies 0 = C s (t) = C t (t) = 1 which is also impossible. Hence s, t ∈ N a , and so (s, t) ∈ ̺ Na . Thus
To prove the converse inclusion, assume (s, t) ∈ ̺ Na for elements s, t ∈ S with s = t. Then s, t ∈ N a . Let x ∈ D a be an arbitrary element. Then x = s and x = t, and so C s (x) = 0 and C t (x) = 0. Hence (C s , C t ) ∈ ∆ a . Thus
Consequently ∆ a | S = ̺ Na . ⊓ 4 Two remarks on ∆ a and ∆ a |S
The least ideal of a semigroup S (if it exists) is called the kernel of S. An ideal A of a semigroup S is called a trivial ideal if it contains only one element 0 of S; in this case 0 is the zero of S. The kernel of a semigroup with a zero is trivial. The least non-trivial ideal of a semigroup S (if it exists) is called the core of S.
Theorem 7
For an element a of a semigroup S, ∆ a = ι F (S) is satisfied if and only if S has a kernel, and the kernel of S contains a.
Proof. For an element a of a semigroup S, ∆ a = ι F (S) is satisfied if and only if D a = S, that is, a ∈ S 1 sS 1 for every s ∈ S. This last condition is equivalent to the condition: S has a kernel K and a ∈ K. ⊓ Corollary 8 If a semigroup S has no kernel, then ∆ a = ι F (S) is satisfied for every element a of S.
Proof. By the previous theorem, it is obvious. ⊓ If a semigroup S has a zero element 0, then 0 ∈ S 1 sS 1 for every s ∈ S, and so N 0 = ∅. Consequently ∆ 0 |S = ι S by Theorem 6. The next corollary characterizes non-zero elements of a semigroup S for which ∆ 0 |S = ι S .
Theorem 9 Let S be a semigroup containing at least two elements. Then ∆ a |S = ι S is satisfied for a non-zero element a of S, if and only if S has a core, and a is in the core of S.
Proof. The equation ∆ a |S = ι S is satisfied for a non-zero element a of S if and only if a ∈ S 1 sS 1 for every non-zero element s of S, that is, a belongs to every non-trivial ideal of S. This last condition is equivalent to the condition that S has a core, and the core of S contains a. ⊓ Corollary 10 Let S be a semigroup containing at least two elements such that S has no a core. Then, for every non-zero element a of S, ∆ a |S = ι S .
Proof. By the previous theorem, it is obvious. ⊓
